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Chapter 1

Proving Methods

1. Direct proofs

BO

Methods of proving theorems

2. Proof by contraposition
3. Proof by contradiction

Direct proof

TE

1.1

A direct proof of a conditional statement p → q is constructed when the first step
is the assumption that p is true; subsequent steps are constructed using rules of
inference, with the final step showing that q must also be true. A direct proof
shows that a conditional statement p → q is true by showing that if p is true,
then q must also be true, so that the combination p true and q false never occurs
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The integer n is even if there exists an integer k such that n = 2k, and n is
odd if there exists an integer k such that n = 2k + 1. (Note that every integer
is either even or odd, and no integer is both even and odd.)Two integers have
the same parity when both are even or both are odd; they have opposite parity
when one is even and the other is odd.

Give a direct proof of the theorem ”If n is an odd integer, then is odd.”
Solution: We assume that the hypothesis of this conditional statement
is true, namely, we assume that n is odd. By the definition of an odd integer, it follows that n = 2k + 1, where k is some integer. We want to know
that n2 is also odd. We can square both sides of the equation n = 2k + 1
to obtain a new equation that expresses n2 . When we do this, we find that
n2 = (2k + 1)2 = 4k 2 + 4k + 1 = 2(2k 2 + 2k) + 1. By the definition of an odd
integer, we can conclude that n2 is an odd integer (it is one more than twice an
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integer). Consequently, we have proved that if n is an odd integer, then is an
odd integer.
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Give a direct proof that if m and n are both perfect squares, then nm is also
a perfect square. (An integer a is a perfect square if there is an integer b such
that a = b2 ).
Solution: To produce a direct proof of this theorem, we assume that the
hypothesis of this conditional statement is true, namely, we assume that m and
n are both perfect squares. By the definition of a perfect square, it follows that
there are integers s and t such that m = s2 and n = t2
The goal of the proof is to show that mn must also be a perfect square when
m and n are; looking ahead we see how we can show this by substituting s2 for
m and t2 for n into mn.
This tells us that mn = s2 t2 . Hence,mn = s2 t2 = (ss)(tt) = (st)(st) = (st)2
using commutativity and associativity of multiplication. By the definition of
perfect square,it follows that mn is also a perfect square, because it is the
square of st, which is an integer. We have proved that if m and n are both
perfect squares, then mn is also a perfect square.

Proof by Contraposition
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Prove that if n is an integer and n2 is odd, then n is odd.
Solution: We first attempt a direct proof. Suppose that n is an integer and
n2 is odd. Then, there exists an integer k such that n2 = 2k + 1. Can we use
this information to show that n is odd?
There seems to be no obvious approach
to show that n is odd because solving
p
for n produces the equation n = (2k + 1), which is not terribly useful.
Because this attempt to use a direct proof did not bear fruit, we next attempt
a proof by contraposition.We take as our hypothesis the statement that n is not
odd. Because every integer is odd or even, this means that n is even. This
implies that there exists an integer k such that n = 2k. To prove the theorem,
we need to show that this hypothesis implies the conclusion that n2 is not odd,
that is, that n2 is even. Can we use the equation n = 2k to achieve this?
By squaring both sides of this equation, we obtain n2 = 4K 2 = 2(2k 2 ), which
implies that n2 is also even because n2 = 2t, where t = 2k 2 . We have proved
that if n is an integer and n2 is odd, then n is odd. Our attempt to find a proof
by contraposition succeeded.

1.3

Proof by Contradiction

Check the attached youtube video for this.
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